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ASYMPTOTIC REPRESENTATIONS OF THE REDUCED
C∗-ALGEBRA OF A FREE GROUP: AN EXAMPLE
V. MANUILOV
Abstract. We give an example of a non-trivial asymptotic representation of the re-
duced C∗-algebra of a free group. This example allows to evaluate the asymptotic tensor
C∗-norm of some elements in tensor product C∗-algebras and to show semi-invertibility
of the non-invertible extension of C∗
r
(F2) considered by Haagerup and Thorbjørnsen.
1. Introduction
Asymptotic homomorphisms of C∗-algebras were first defined and studied in [3] in re-
lation to topological properties of C∗-algebras. The most important and the best known
case is the case of asymptotic homomorphisms from a suspended C∗-algebra SA to the C∗-
algebra K of compact operators, since the homotopy classes of those are the K-homology
of A, the E-theory. Asymptotic homomorphisms to other C∗-algebras are less known.
For example, it is known that any asymptotic homomorphism to the Calkin algebra is
homotopic to a genuine homomorphism [10]. Even less is known about asymptotic homo-
morphisms to B(H), where there is no topological obstruction (recall that the K-groups of
B(H) are trivial). Such asymptotic homomorphisms are called asymptotic representations
and were first studied in relation to the asymptotic tensor product C∗-algebras [12] and
to semi-invertibility of C∗-algebra extensions [13].
The aim of this paper is to give an example of an asymptotic representation of the
reduced group C∗-algebra of the free group F2 on two generators. This was made possible
due to two interesting families of representations. The first family was constructed by
M. Pimsner and D. Voiculescu in [14], cf. next section, and the second family (sequence)
was discovered by U. Haagerup and S. Thorbjørnsen in [5] by free probability methods.
We combine these two families into an asymptotic representation of C∗r (F2).
U. Haagerup and S. Thorbjørnsen used their sequence of representations [5] to construct
an extension of C∗r (F2) which is not invertible in the BDF functor Ext(C
∗
r (F2)) of L. Brown,
R. Douglas and P. Fillmore [2]. We are able to show that their extension is semi-invertible
[11], and represents the trivial element in the modified Ext functor. Another application
of our asymptotic representation is evaluation of asymptotic tensor C∗-norm on tensor
products of C∗r (F2) with some other C
∗-algebras related to the free group. We also show
that such asymptotic tensor products behave differently from the case of groups with the
property T of Kazhdan.
2. A family of representations of F2
For a free group F2, M. Pimsner and D. Voiculescu [14] have constructed a family
(pis)s∈[0,1] of representations on l2(F2) with the following properties:
(1) pi0 = λ is the regular representation;
(2) pi1 = θ⊕λ
(2), where θ is the one-dimensional trivial representation and λ(2) = λ⊕λ;
(3) the map s 7→ pis(g) is norm-continuous for any g ∈ F2;
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(4) pis(g)− pi0(g) is compact for any g ∈ F2 and any s ∈ [0, 1].
Importance of this homotopy, which connects the regular representation with a repre-
sentation containing the trivial representation as a direct summand, was emphasized by
E. C. Lance [9]. A natural specific example of such a family pis of representations of F2
with additional properties is given in [15].
For a representation pi of F2 let us denote by C
∗
pi(F2) the C
∗-algebra generated by all
pi(g), g ∈ F2. We write pi(a) ∈ C
∗
pi(F2) for a ∈ C
∗(F2) and make no distinction between a
and its image in C∗pi(F2) when there is no confusion.
Proposition 1. C∗pis(F2) is an exact C
∗-algebra for any s ∈ [0, 1].
Proof. For s = 0 it is known that C∗r (F2) is exact, so let us consider the case s ∈ (0, 1]. It
follows from the property (4) of the family (pis) that
C∗pis(F2) ⊂ C
∗
r (F2) +K
for any s ∈ (0, 1]. The extension
0→ K→ C∗r (F2) +K→ C
∗
r (F2)→ 0
is obviously split. So, by results of E. Kirchberg (cf. [7]), C∗r (F2) +K is exact, hence its
C∗-subalgebras are exact too.

3. Example of an asymptotic representation of C∗r (F2)
Recall that, by the Fell’s absorbtion principle [4], for any representation σ of F2, one
has λ⊗ σ ∼= λ(dimσ), so, for any sequence {σn}n∈N of finitedimensional representations of
F2, s 7→ pis ⊗ (⊕
∞
n=1σn) is a homotopy that connects λ
(∞) with λ(∞) ⊕ (⊕∞n=1σn).
It was shown in [5] that there exists a sequence {σn}n∈N of finitedimensional represen-
tations of F2 such that
‖λ(a)‖ = lim supn→∞ ‖σn(a)‖ (1)
for any a ∈ C[F2]. From now on let us fix this sequence. Put, for t ∈ [n, n + 1],
ρt = (pi0 ⊗ σ1)⊕ . . .⊕ (pi0 ⊗ σn)⊕ (pit−n ⊗ σn+1)⊕ (pi1 ⊗ σn+2)⊕ . . . .
Then we get a family (ρt)t∈[0,∞) of representations of F2.
Recall that an asymptotic representation of a C∗-algebra A is an asymptotic homomor-
phism [3] into the C∗-algebra B(H) of bounded operators on a Hilbert space, i.e. a family
of maps (ϕt)t∈[0,∞) : A→ B(H) such that the map t 7→ ϕt(a) is continuous for any a ∈ A
and ϕt behaves asymptotically like a ∗-homomorphism, as t→∞. Any continuous family
of (genuine) representations gives an asymptotic representation. A more general example
of an asymptotic representation can be obtained from a continuous family µt, t ∈ [0,∞),
of representations of a C∗-algebra E such that q : E → A is a quotient ∗-homomorphism
if this family satisfies the condition limt→∞ ‖µt(e)‖ ≤ ‖q(e)‖ for any e ∈ E. If χ : A→ E
is a Bartle–Graves continuous lifting map [1] then µt ◦ χ : A → B(H) is the required
asymptotic representation.
Theorem 2. The family (ρt)t∈[0,∞) defines an asymptotic representation of C∗r (F2).
Proof. We are going to show that limt→∞ ‖ρt(a)‖ = ‖λ(a)‖ for any a ∈ C[F2]. It follows
from the definition of ρt that limt→∞ ‖ρt(a)‖ is equal to the maximum of the following
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M1(a) = limn→∞max1≤i≤n ‖(pi0 ⊗ σi)(∆(a))‖;
M2(a) = sups∈[0,1] limn→∞ ‖(pis ⊗ σn)(∆(a))‖;
M3(a) = lim supn→∞ ‖(pi1 ⊗ σn)(∆(a))‖,
where ∆ is the map given by the diagonal homomorphism F2 → F2 ⊗ F2. It follows from
the Fell’s absorbtion principle that pi0⊗ σn ∼= λ
(dim σn) and pi1⊗ σn ∼= λ
(dim σn)⊕ σn, hence
M1(a) = ‖λ(a)‖ and
M3(a) = max
{
‖λ(a)‖, lim supn→∞ ‖σn(a)‖
}
= ‖λ(a)‖
by (1), so it remains to estimate M2(a).
Consider the ideal I = C∗⊕∞
n=1
σn(F2) ∩K in C
∗
⊕∞
n=1
σn(F2). The equality (1) implies that
C∗r (F2) ∼= C
∗
⊕∞
n=1
σn(F2)/I. (2)
By Proposition 1, for any s ∈ [0, 1] there is an C∗-algebra isomorphism
C∗pis(F2)⊗ (C
∗
⊕∞
n=1
σn(F2)/I) = (C
∗
pis(F2)⊗ C
∗
⊕∞
n=1
σn(F2))/(C
∗
pis(F2)⊗ I), (3)
where ⊗ denotes the minimal tensor C∗-product, in other words, the norm on the left-
hand side of (3) is equal to the norm on the right-hand side. Let q denote the quotient
∗-homomorphism fromC∗pis(F2)⊗C
∗
⊕∞
n=1
σn(F2) to the C
∗-algebra in (3) and let c ∈ C∗pis(F2)⊙
C∗⊕∞
n=1
σn(F2), where ⊙ denotes the algebraic tensor product. Then the norm of q(c) in the
right-hand side C∗-algebra equals
‖q(c)‖ = lim supn→∞ ‖(pis ⊗ σn)(c)‖.
Now let c = ∆(a), where a ∈ C[F2] and ∆ is considered as the diagonal homomorphism,
∆ : C∗(F2)→ C∗pis(F2)⊗C
∗
⊕∞
n=1
σn(F2). Then the norm of q(c) = q(∆(a)) in the right-hand
side of (3) equals
‖q(∆(a))‖ = lim supn→∞ ‖(pis ⊗ σn)(a)‖.
Because of (3) we can evaluate the same norm using the left-hand side of (3):
q(‖∆(a))‖ = ‖(pis ⊗ λ)(a)‖
(we use here the isomorphism (2)), but the latter equals ‖λ(a)‖ by the Fell’s absorbtion
principle, so
lim supn→∞ ‖(pis ⊗ σn)(a)‖ = ‖λ(a)‖. (4)
Let us show that convergence in (4) is uniform. This would follow from equicontinuity of
the sequence {fn}n∈N of functions, where fn(s) = ‖(pis ⊗ σn)(b)‖, s ∈ [0, 1], for any finite
sum b =
∑
i,j αijgi ⊗ gj ∈ C
∗
pis(F2) ⊙ C
∗
σn(F2), where αi,j ∈ C, gi ∈ F2. Equicontinuity
follows from the obvious estimate
|fn(s
′)− fn(s)| ≤
∑
i,j
|αij| · ‖pis′(gi)− pis(gi)‖ · ‖σn(gj)‖,
which is independent of n since ‖σn(gj)‖ = 1 for all n and j. Finally we can conclude
that
M2(a) ≤ sups∈[0,1] lim supn→∞ ‖(pis ⊗ σn)(a)‖ = ‖λ(a)‖.

Definition 3. An asymptotic representation (ϕt)t∈[0,∞) : A→ B(H) is representation-like
if, for any a1, . . . , an ∈ A and for any ε > 0 there exists T such that for any t > T there is
an isometry Ut that satisfies ‖ϕt(ai)−Utpi(ai)U
∗
t ‖ < ε, i = 1, . . . , n, where pi : A→ B(H)
is some faithful representation.
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We show below that the asymptotic representation (ρt)t∈[0,∞) from Theorem 2 is not
representation-like.
4. Applications
4.1. Semi-invertibility of extensions. Let E = C∗⊕∞
n=1
σn(F2) +K. Then
0→ K→ E → E/K = C∗⊕∞
n=1
σn(F2)/I
∼= C∗r (F2)→ 0 (5)
is an extension of C∗r (F2) by K constructed in [5], where it was proved that this extension
is non-invertible. Here we show that this extension is semi-invertible [11], moreover, it
represents the trivial element in the group Ext−1/2(C∗r (F2),K) [11]. Let us briefly recall
these definitions. An extension 0→ K → E
p
→ A→ 0, of A by K, is asymptotically split
if there exists an asymptotic homomorphism (ϕt)t∈[0,∞) : A → E such that p ◦ ϕt = idA
for any t ∈ [0,∞). An extension of A by K is semi-invertible if its direct sum with some
other extension of A by K is asymptotically split. Two extensions of A by K are stably
equivalent if their direct sums with some semi-invertible extension of A by K are unitarily
equivalent. Finally, the group Ext−1/2(A,K) is the group of classes of stable equivalence of
semi-invertible extensions of A by K. The only difference of Ext−1/2(A,K) from the group
Ext(A,K)−1 of invertibles in the classical BDF functor is that we use asymptotically split
extensions instead of split ones.
Corollary 4. The extension (5) is semi-invertible. Moreover, it represents the trivial
element in the group Ext−1/2(C∗r (F2),K).
Proof. Let q : B(H) → Q = B(H)/K be the quotient map. Then an easy calculation
shows that
q(ρt(a)) = q
(
⊕∞n=1σn(a)⊕ λ
(∞)(a)
)
.
Therefore, the direct sum of the extension (5) and of the trivial extension admits an
asymptotic lift. 
This gives an evidence to the following conjecture:
Conjecture 5. All extensions of C∗r (F2) are semi-invertible.
4.2. Estimates for the asymptotic tensor C∗-norm. In [12] we have introduced the
asymptotic tensor C∗-norm (one-sided and symmetric) for tensor products of separable
C∗-algebras. Recall that the left asymptotic tensor C∗-norm on the algebraic tensor
product A⊙ B of two C∗-algebras is defined by
‖c‖λ = supϕ,ψ lim supt→∞ ‖(ϕt ⊗ ψ)(c)‖,
where c ∈ A ⊙ B and the supremum is taken over all asymptotic representations ϕ =
(ϕt)t∈[0,∞) : A→ B(H) and all representations ψ : B → B(H). The symmetric asymptotic
tensor norm ‖ · ‖σ is defined as a similar supremum, where ψ stands for asymptotic
representations of B.
Now we are able to calculate the left asymptotic norm of some elements in C∗r (F2) ⊙
C∗⊕∞
n=1
σ¯n(F2), where σ¯ is the representation contragredient to σ, and the symmetric as-
ymptotic tensor C∗-norm of some elements in C∗r (F2)⊙ C
∗
r (F2).
Let a = 1
4
(g1 + g
−1
1 + g2 + g
−1
2 ), where g1, g2 are free generators for F2.
Proposition 6. ‖∆(a)‖λ = 1 in C
∗
r (F2)⊙C
∗
⊕∞
n=1
σ¯n(F2); ‖∆(a)‖σ = 1 in C
∗
r (F2)⊙C
∗
r (F2).
5Proof. Obviously ‖∆(a)‖λ ≤ ‖a‖ ≤ 1. Similarly, ‖∆(a)‖σ ≤ 1. Let us use the asymptotic
representation ρt to estimate both norms from below.
‖∆(a)‖λ ≥ lim supt→∞ ‖(ρt ⊗ (⊕
∞
n=1σ¯n))(∆(a))‖ ≥ lim supn→∞ ‖(σn ⊗ σ¯n)(∆(a))‖ = 1
because σn ⊗ σ¯n contains a copy of the trivial representation.
Similarly,
‖∆(a)‖σ ≥ lim supt→∞ ‖(ρt ⊗ ρ¯t)(∆(a))‖ ≥ lim supn→∞ ‖(σn ⊗ σ¯n)(∆(a))‖ = 1.

Corollary 7. The asymptotic representation of Theorem 2 is not representation-like.
Proof. It is easy to see that for a representation-like asymptotic representation (ϕt)t∈[0,∞) :
A→ B(H) one has
lim supt→∞ ‖(ϕt ⊗ µ)(c)‖ ≤ ‖(pi ⊗ µ)(c)‖
for any C∗-algebra B, any representation µ of B and any c ∈ A ⊙ B, where pi is (any)
faithful representation of A.

The following corollary shows that there is no asymptotic analogue for the Fell’s ab-
sorbtion principle.
Corollary 8. C∗r (F2)⊗σ C
∗
r (F2) 6= C
∗
r (F2)⊗ C
∗
r (F2).
Proof. It is well-known [8] that ‖(λ⊗ λ)(∆(a))‖ = ‖λ(a)‖ =
√
3
2
< 1 = ‖∆(a)‖σ. 
Note that C∗r (F2)⊗λ C
∗
r (F2) 6= C
∗
r (F2)⊗ C
∗
r (F2) due to the Fell’s absorbtion principle.
Note also that the result of Proposition 6 contrasts the analogous result for property T
groups, cf. [13]. Let G be a property T group, g1, . . . , gm its generators and a =
1
2m
(g1 +
g−11 + . . .+ gm+ g
−1
m ) ∈ C[G], α > 0 the Kazhdan constant (i.e. Sp(a) ⊂ [−1, 1−α]∪{1},
cf. [6]). Let τn, n ∈ N, be a sequence of finitedimensional representations of G. The proof
of the following proposition is essentially contained in [13].
Proposition 9. ‖∆(a)‖λ = 1− α in C
∗
r (G)⊙ C
∗
⊕∞
n=1
τn(G).
Proof. It is known [16] that ∆(a) = x + ∆(p), where x ≤ 1 − α and p ∈ C∗(G) is the
projection corresponding to the trivial representation of G. Let (ϕt)t∈[0,∞) : C∗r (G) →
B(H) be an arbitrary asymptotic representation. The proposition would follow if we
show that
lim
t→∞
(
ϕt ⊗ (⊕
∞
n=1τn)
)
(∆(p)) = 0. (6)
Put
qt(n) = (ϕt ⊗ τn)(∆(p)); qt = ⊕
∞
n=1qt(n).
Then qt is asymptotically a projection, i.e. limt→∞ ‖qt − q2t ‖ = 0, hence the same holds
for each n uniformly: limt→∞ ‖qt(n)− q2t (n)‖ = 0. This means that one can determine if
limt→∞ qt(n) = 0 by looking at qt(n) for some fixed t (same for all n).
Suppose that (6) is not true. Then there exists n such that limt→∞ ‖qt(n)‖ = 1. Hence
limt→∞ ‖(ϕt ⊗ τn)(∆(a))‖ = 1, i.e. the norm of ∆(a) in C∗r (G)⊗λ C
∗
τn(G) equals 1. But
since C∗τn(G) is finitedimensional, we have C
∗
r (G)⊗λ C
∗
τn(G) = C
∗
r (G)⊗ C
∗
τn(G). But the
norm of ∆(a) in C∗r (G)⊗ C
∗
τn(G) cannot equal 1 [17]. This contradiction ends the proof.

6 V. MANUILOV
References
[1] R. G. Bartle, L. M. Graves, Mappings between function spaces. Trans. Amer. Math. Soc. 72 (1952),
400–413.
[2] L. G. Brown, R. G. Douglas, P. A. Fillmore, Extensions of C∗-algebras and K-homology. Ann. Math.
105 (1977), 265–324.
[3] A. Connes, N. Higson, De´formations, morphismes asymptotiques et K-the´orie bivariante. C. R.
Acad. Sci. Paris Se´r. I Math. 311 (1990), 101–106.
[4] J. M. G. Fell, Weak containment and induced representations of groups. Canad. J. Math. 14 (1962),
237–268.
[5] U. Haagerup, S. Thorbjørnsen, A new application of random matrices: Ext(C∗
red
(F2)) is not a group.
Ann. Math. 162 (2005), 711–775.
[6] P. de la Harpe, A. G. Robertson, A. Valette, On the spectrum of the sum of generators for a finitely
generated group. Israel J. Math. 81 (1993), 65–96.
[7] P. de la Harpe, A. G. Robertson, A. Valette, On exactness of group C∗-algebras. Quart. J. Math.
Oxford Ser. (2) 45 (1994), 499–513.
[8] H. Kesten, Symmetric random walks on groups. Trans. Amer. Math. Soc. 92 (1959), 336–354.
[9] E. C. Lance, K-theory for certain group C∗-algebras. Acta Math. 151 (1983), 209–230.
[10] V. Manuilov, Asymptotic homomorphisms into the Calkin algebra. J. Reine Angew. Math. 557
(2003), 159–172.
[11] V. Manuilov, K. Thomsen, The Connes–Higson construction is an isomorphism. J. Funct. Anal. 213
(2004), 154–175.
[12] V. Manuilov, K. Thomsen, On the asymptotic tensor C∗-norm. Arch. Math. 86 (2006), 138–144.
[13] V. Manuilov, K. Thomsen, On the lack of inverses to C∗-extensions related to property T groups.
Canad. Math. Bull. 50 (2007), 268–283..
[14] M. Pimsner, D. Voiculescu, K-groups of reduced crossed products by free groups. J. Operator Theory
8 (1982), 131–156.
[15] T. Pytlik, R. Szwarc, An analytic family of uniformly bounded representations of free groups. Acta
Math. 157 (1986), 287–309.
[16] A. Valette, Minimal projections, integrable representations and property T. Arch. Math. 43 (1984),
397–406.
[17] S. Wassermann, C∗-algebras associated with groups with Kazhdan’s property T. Ann. Math. 134
(1991), 423–431.
Department of Mechanics and Mathematics, Moscow State University, Leninskie Gory,
Moscow, 119992, Russia and Harbin Institute of Technology, Harbin, P. R. China
E-mail address : manuilov@mech.math.msu.su
